The ground state energy of a collection of n pions and m kaons with short range interactions is calculated for a volume with finite spatial extent L and periodic boundary conditions. This calculation is accomplished to order L −6 in the large volume expansion. With this result one can extract the various two-and three-body interactions between pions and kaons from lattice QCD data.
Recently, efforts have been made using lattice QCD to extract both the π + π + and the K + K + scattering lengths as well as the three-body interactions π + π + π + and K + K + K + [1, 2, 3, 4] . These efforts have made steps toward using lattice QCD to rigorously determine the nuclear equation of state (NEOS) directly from the underlying theory of QCD. A knowledge of the NEOS would be of great importance to many research areas, including helping to predict the evolution of supernovae. In addition, an understanding of multi-pion and multi-kaon systems provide insight into strongly interacting boson gases. References [1, 2, 3, 4] have made use of a method involving the volume dependence of the energy spectrum (below inelastic thresholds) of two hadrons as a function of their scattering length [5, 6] , where lattice QCD is used to calculate the energy of multi-hadron states and this result is then applied to the calculated dependence of the finite volume ground state energy shift to determine interaction strengths. The ground state energy of n identical bosons with short range interactions is calculated in the large volume expansion to O(L −7 ) in Ref. [7] , providing a way to extract the three-body interaction strength between identical bosons which enter at O(L −6 ), and building upon the earlier work of Refs. [8, 9, 10, 11, 12] . In this work we extend the calculation to determine the ground state energy shift in finite volume of n pions and m kaons to O(L −6 ) in the large volume expansion using a multispecies extension of the techniques used in Refs. [7, 8] . This result will allow for the systematic extraction of πK scattering lengths and the three-body interactions ππK and πKK, as well as provide a different way to extract ππ and KK scattering lengths by using mixed pion-kaon systems in lattice calculations.
To calculate the ground state energy there are multiple (and entirely equivalent) methods that one can use. One such method uses a resolvent function of the system Hamiltonian defined by [5] :
with
where |0 is the ground-state of the system andQ 0 = 1 − |0 0| is a projection operator discussed below. Here H is the full Hamiltonian of the system while H 0 is the free Hamiltonian. In eqn.
(1), when F (z) takes the form found in the first line, a perturbative expansion leads to a pole near z = E 0 . However, projecting out that portion of the propagator containing the pole using the operatorQ 0 leads to the function r(z) in the second line which is smooth in the neighborhood of E 0 and which can be perturbatively expanded in powers of the potentialV . To find the ground state energy shift one needs to expand the function r(z) around the point z = E 0 . The leading terms in this expansion are [5] :
The method of pseudo-potentials can be employed to determine r(z) above, or one can use the different but equivalent approach of nonrelativistic time-independent perturbation theory (NRPT). The potential used in this
where the first line is the two-body interaction potential while the remaining lines constitute the various three-body potentials. The sets P π and P K refer to the set of all pions and kaons in the system, respectively. Due to the requirement that bound states do not form, the interactions between pions and kaons studied are restricted to be repulsive. Hence all π and K fields referenced are shorthand for π + and K + . Because the particles are nonrelativistic, interactions such as KK → ππ or ππ → KK are not considered.
The χ's can be related to the scattering amplitude and for small external momentum be expanded using effective range theory according to
where a is the s-wave scattering length and r 0 is the effective range. The modern language and description of this approach is pionless effective field theory or EFT(π /) [13, 14, 15] . In this framework, the two-body interaction χ corresponds to the expansion of the 2 → 2 contact interaction in the Lagrangian [14] . The language of EFT(π /) possesses a more natural way of dealing with issues of renormalization and power counting as the choice of a particular subtraction scheme leads to order-by-order renormalization of loop divergences.
The contact potential from eqn. (4) can be reexpressed in terms of a Hamiltonian in NRPT, as described in ref. [7] . Using this method, each term in the large volume expansion of the function r(z) can be expressed as a sum of diagrams in the perturbation theory. Vertices in these diagrams are given by the χ and η shown above, while the propagators are given by the expectation of the free theory resolvent arising from two-loop diagrams will necessitate the inclusion of three-body interaction strengths as a function of the renormalization scale µ. In finite volume the integrals normally associated with the continuum expression for each diagram will become sums because the momenta will be restricted to the possible values p = 2π n/L for n j ∈ Z.
It is simple to show that generating all of the diagrams and summing their contributions leads to the following result for the ground state energy shift:
with the scattering lengths given in terms of the parametersā i = Mχi 4π and the effective ranges r i by [2] a I=2 π
The four volume dependent (but renormalization scale independent) quantities from the three-body interactions are
and
The functionsQ,R, q, and r are defined in the appendix along with the coefficients f i . The finite parts ofQ(a, b)
andR(a, b) are scheme dependent quantities where changes in the value will be absorbed by η 3 (µ). The numerical values for the MS scheme are given in the appendix. However, theη 3 are not scheme dependent and this is the quantity that will be determined during a lattice calculation. Furthermore, note that the three-body interactions in the ππK and πKK cases depend on the πK mass ratio. One can immediately see that this is necessary if one takes the limiting case where either the pion or the kaon become infinitely heavy, where the heavy particle decouples from the theory and hence all cross species interactions must go to zero. Finally, in the limit of n → 0 or m → 0 this result simplifies to the previously determined n-boson case while the limit m → n with m K → m π and all interactions set to be equal it simplifies to the 2n-boson case. The result given agrees with previously calculated results in the single species limit [7, 8, 16] .
In this work we have calculated the ground state energy shift of the mixed species system of n pions and m kaons.
Using this result a rigorous connection can be made between Euclidean-space lattice QCD calculations of mixed pionkaon systems and Minkowski-space multibody interaction strengths. In Ref. [3] the isospin and strangeness chemical potentials are analyzed with lattice QCD at values relevant to dense nuclear matter for purely kaon condensates.
With the results presented in this paper such an analysis can be done for mixed pion-kaon systems, allowing lattice calculations of the πK scattering length and three-body interaction strengths ππK and πKK. Such extractions are necessary for examinations of the nuclear equation of state for values of the isospin and strangeness chemical potentials where it is not energetically favorable to form either pure pion or pure kaon condensates, but where possibly mixed systems of pions and kaons exist. 
